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Numer ica l  data on p r e s s u r e  distr ibution,  cavity th ickness ,  and the overa l l  c h a r a c t e r i s t i c s  of 
fully cavi ta ted  s lender  prof i les  moving near  the f ree  su r face  of a weight less  liquid or  c lose  
to a solid wall  a r e  obtained on the bas is  of the potential  of acce le ra t ions  and of approx imate  
solution of s ingular  in tegra l  equations by the method of d i sc re t e  per turba t ions .  

The p rob lem of s teady motion of a fully cavitat ing prof i le  near  a f r ee  su r face  was cons idered  in l inear  
formula t ion  by Johnson [1], Auslaender  [2], and Yim [3]~ The method of conformal  mapping was used in thei r  
p a p e r s  for der iving the expansion of the complex potential  in the neighborhood of an infinitely distant  point. 
Analytical  expres s ions  for the o v e r - a l l  c h a r a c t e r i s t i c s  we re  also obtained for  the case  of an unbounded 
cavi ty  [1, 2]. 

The ma thema t i c s  of this p rob lem reduce  to the de terminat ion  of the veloci ty  potential  with d iscont in-  
ui t ies  of tangent and normal  der iva t ives ,  or of that  of acce le ra t ions  with discontinuit ies  of the function i tse l f  
and of normal  der iva t ives .  The analysis  of both p rob l ems  leads to the s ame  conclusions.  

1~ Let  us consider  the following pa t te rn  of eavitat ional  flow pas t  a s l im profi le .  

Let  the cavi ty  begin over  the leading edge, run off f rom below the t ra i l ing edge, and be c losed in an 
el l ipt ical  contour at a ce r t a in  dis tance l > 1 f rom the leading edge. 

We introduce an orthogonal s y s t em  of coordinates  r ig id ly  at tached to the body with i ts  axis of a b s c i s s a s  
d i rec ted  along the flow veloci ty  v~ of the unper turbed s t r e a m  and the axis  of  ordinates  ve r t i ca l ly  upward. 

Fo r  the potential  of acce le ra t ions  or  p r e s s u r e  the boundary value p rob lem is fo rmula ted  thus: 

p - - p ~  
AP = 0, P = 1/2pv ~ (i.I) 

outside the prof i le  and the cavity 

The k inemat ic  condition along the wetted pa r t  of the prof i le  and at the cavi ty  boundary yields 

2 ~ d [  ~_! 1 i OP (~' y) dk (1.2) d~ f~(x)~2  r = - J i m  
! J--~O-+ - - c o  

H e r e f c ( x )  is the mean  line of the prof i le  and of the cavern ,  and t(x) is the th ickness  of the cavern.  

At the upper and lower boundaries  of the cave rn  the dynamic condition of p r e s s u r e  constancy 

P~ --P~ (lo3) 
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where  n is the cavi ta t ion  number ,  and Pr and Pk a r e  p r e s s u r e s  at infinity and in the cav i ty  r e s p e c t i v e l y ,  
m u s t  a lso  be sa t is f ied.  

T h e s e  boundary  condi t ions  m u s t  be supp lemented  by the condi t ion of  absence  of  p e r t u r b a t i o n s  at 
infinity and the condi t ion at the f r e e  s u r f a c e  (y = h) o r  at  the sol id  wall  (y = --h)o 

T h e s e  a re ,  r e s p e c t i v e l y ,  

oP I = 0 (1.4) P l,=~ = O, W v=-~ 

Using  the G r e e n ' s  f o r m u l a s  and the method  of con fo rma l  mapping  with r e s p e c t  to e i ther  a f r ee  s u r -  
face  o r  a sol id  wall ,  we r e p r e s e n t  the solut ion of  the s ta ted  boundary  value  p rob l em (1.1) -(1.4) fo r  the 
potent ia l  of  a c c e l e r a t i o n s  o r  p r e s s u r e  in the f o r m  

l 1 
OP i 0 

P (x, y ) =  --  @ I ( l n r  -1-, In r,)[--~-] (~)d~ - -  ~ l ~'Y [ lnr  - - , l n  ri]T (~)d~ 
0 0 

(1.5) 

r = }f(x,7- ~)~ + Y:, r, = }/(x - -  ~)~ + (y + 2~h): 
Fop I 'OR ] OR + 

(x) = P _  (x) - p~ (x), L - N 3  = "N~ - - 

(1.6) 

H e r e  u = - 1  in the c a s e  of  f r ee  s u r f a c e  and ~ = + 1 for  a sol id  wail ;  7(x) is the jump of p r e s s u r e  1 o, 
and ldP/d~l  is the jump of  the n o r m a l  de r iva t ive  of the p r e s s u r e .  

The k e r n e l s  of  i n t eg ra l s  in f o r m u l a  (1.5) have been c o n s t r u c t e d  with the boundary  condi t ions  at the 
f r e e  s u r f a c e  and at the wall  t aken  into account ,  

With boundary  condi t ions  (1.2) and (1.4) fulf i l led we obtain the s y s t e m  o f  in tegra l  equat ions  

d []~(x)+ t ( x ) ] = ~ i  2 ~  ~ t 1 01)? [-N-] (~) d~ 
0 

l l 
- -  OP t " OP 

0 0 
1 

z--~ 7.( 
0 

x l (x)] _,r = d ~ + ~ I a r c t g Z - - ~  aP 
0 0 

l 1 

o 0 

0 
1 

2 T (x) ~ -  ~ (x -- ~ - +  4h '~ 3" (~) d~ 
o 

Subt rac t ing  the second  equat ion f r o m  the f i r s t ,  we obtain  

(1.7) 

x 
op 

o 

Stipulating the condi t ion q(0) = q ( l )  = 0 and taking (L  8) into cons idera t ion ,  we in t eg ra te  the second  and 
th i rd  equat ion of  s y s t e m  (1.7). 

l 1 

0 o 
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l 1 

x = - ~  q (~) ~ ~- ~ (x - -  ~)? + 4h 2 2n ~ (x - -  ~)~ .~ 4 h  ~ 

0 o 
l 

I q (~) d~ = t (~) = 0 
0 

(1.9) 

The las t  re la t ionship  is the condition for point closing of the cavity,  which at that point has  a ve r t i ca l  
tangent.  

The equations of s y s t e m  (1.9) a r e  pa r t i cu la r  in tegra l  equations with Cauchy ke rne l s  of the genera l  
kind. The unknown densi t ies  of in tegra ls  7(x) and q(x) of s y s t e m  (1.9) may  be cons idered  to be intensi t ies  
of the double and single l aye r s  dis t r ibuted along segments  10, ~ and 10, l I, r espec t ive ly .  It follows f r o m  
physica l  cons idera t ions  that the solution of sy s t em (1.9) is to be sought in the c lass  of functions such that: 
function 3/has an integrable  s ingular i ty  at x = 0 and is bounded for x = 1 (Zhukovski i -Chaplygin condition); 
function q is bounded for x = 0 and has  an in tegrable  s ingular i ty  for x = l. 

An analyt ical  solution of s y s t em  (1.9) has  been found only for the case  of t rans i t ion  to Limit (h - -  oo 
and l - -  oo) [4]0 One of the numer ica l  solutions of s y s t e m  (1.9) and the der ivat ion of its bas is  of h y d r o -  
dynamic c h a r a c t e r i s t i c s  a r e  cons idered  below. 

Fo r  solving s y s t e m  (1.9) we use the method of d i s c r e t e  per turba t ions ,  which is a genera l iza t ion  of the 
3/4 method f i r s t  used by Pis to lezz i ,  Weiss inger ,  and Folkner  and fully developed by Be lo t se rkovsk i i  and his 
students [5] under the name of d i s c r e t e  vor t i ces .  The method cons is t s  of  the substi tution of a d i sc re t e  d i s -  
t r ibut ion of per tu rba t ions  in l aye r s  for the continuous one and the der iva t ion  on this bas i s  of a s y s t e m  of 
l inear  a lgebra ic  equations by using mechan ica l  squaring fo rmulas .  The dis t r ibut ion o rde r  of per tu rba t ions  
and point s at which boundary conditions a r e  sa t i s f ied  is de te rmined  by the c lass  of functions in which the 
solution is being sought. 

2. As shown in [4, 6, 7] the p r e s s u r e  drop near  the leading edge of a cavi tat ing prof i le  has  for  6 --*0 
14 a s ingular i ty  of o rder  6- / .  The method of d i sc re te  vo r t i ce s  provides  a good approx imate  solution of the 

p rob lem of a noncavitat ing profi le ,  if  for  5 -+ 0 the solution s ingular i ty  at the leading edge is of the o rde r  

h=e2~ ,,y,,,~.5- 

o # 

Fig. 1 
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\ ~  \ J h Z'O.Z5 
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! 
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of 6 - 1 / z .  T h e r e f o r e  to improve  the c o n v e r g e n c e  of  the 3 /4  me thod  we f i r s t  pas s  
in (1.9) to v a r i a b l e s  ~ = t 2 and x = z 2 

' ]1 ~ /o ( x )  - - ~  t ( x )  x==~ = - I q ( z )  

V~ x 
t l 2ht ( t ) d t _  1 I [ 1 z~--t2 1 -]- - ~  (z~ - -  t~) 2 + 41~ q ~ ~ (t) z2 ~_ t~ v (z~ --- ~ + ~ .  tdt 

0 o 

2 1 z ~ -- t~ ~ t I 
X = "-~ I q ( t ) [  ~ - ~  V(z2--t2)2+4h2j tdt -~- "~ T ( z ) - - - ~ l ( z ~  __ t2) ~2ht~- 4h 2 T (t) dt 

0 o 

r (2.i) 
t q ( t )  t d t = O  t; 
o 

If N is the n a m b e r  of s egmen t s  into which the chord  length of  p rof i l e  
[0, 11 is subdivided and M is the number  of s egmen t s  of line I1, vrTl,  the 
se l ec t ion  of the s ingu la r i ty  and ca lcu la t ion  points  is made  as fol lows:  

fo~ I' (t) 

T) ~ - '  
for q (t) 

z ~ = ( k - - - ~ )  1 -N-' 

z~= f + (k _ 3) )/-~- ' 
M ' 

1 

t m ~ ( m - -  t I T ) - K  (z~., .~ = t, 2 . . . . .  N) 

t m =  I J F ( m  1~ ](1--1 (k, r n = t ,  2 M) 
�9 - T / ~  . . . . .  

Convergence  of the d e s c r i b e d  me thod  is inves t iga ted  by c o m p a r i n g  the exac t  and the app rox ima te  
so lu t ions  obta ined  for  v a r i o u s  N and M in the c a s e  of an unbounded liquid. 

In the h y d r o d y n a m i c s  of  cav i ta t iona l  f lows the following two p r o b l e m s  a r e  of p r a c t i c a l  i n t e re s t :  1) 
de t e rmina t i on  of the shape  of the  cav i ty  and of hyd rodynamic  c h a r a c t e r i s t i c s  for  a given body shape;  2) 

(2~ 

de t e rmina t i on  of  the shape of  the body and of  the cavi ty ,  and of the hyd rodynamic  c h a r a c t e r i s t i c s  for  a given 
p r e s s u r e  (load) d i s t r ibu t ion  on the body, 

Le t  us c o n s i d e r  two examples .  

Example  1. A pla te  at  an angle  of a t t ack  ~. In this  c a s e  

d~ /c (z) - E t (:~) = - a 

We subs t i tu te  the s y s t e m  of l inea r  a lgeb ra i c  equat ions  

N N z . 2 _  t .2 ] t ~ Tj ~ - - v  ~ ~ | t t 4htmq m 
"N- . z i g _ _ t 2  (z~2 - -  tj2)2 ~- 4h 2] j @ ~q~.--'-~" ~ (z~e-- tm2)~ -~ 4h2 

M 

] l - l - -  f ~ ,  4htmqN+m = 2g:~ (i = 1, 2. . , .  571 
M tra~) ~ ~- 4h~ z 2 __ 

77Z~1 Z 
N N 

T ~ - - W  .=:. 2_t~)2+~h~+-~- ~ q.~ ~ - ~  - - - - -  t 
M 

m=i (z2~ ~ tm2)~ -~ 4h2 
N N 

N j = l  (zk - -  tJ~')" "~- '~h2 "N- m=l~=d qm t2 - -  tm ~ (zk2 - -  tm2)2 -~- 4h2 

M 
2 ( ] / ' l - - - 1 ) ~ M  qN+m[ ~ ~ ) "  z~e- - tm2  4h 2 ] q ~=~ % 2 _  t ~  (%~ ~-i--~)~:T t~ -- ~• = 0 (~ = ~, 2 ..... M) 

N M 

N 
(2.3) 

for  the s y s t e m  of in tegra l  equat ions  (2.1). 
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Hav ing  s o l v e d  s y s t e m  (2.3), we d e t e r m i n e  the  h y d r o d y n a m i c  c h a r a c t e r i s t i c s  and  the  c a v i t y  t h i c k n e s s  
by the  f o r m u l a s  

N N 
C _ 2 C, C.~/= ~2 ~ tjT;, m-- ~ ~ ti3T;' Xc = ~Cm 

~'=1 i='- 

N 

cd = - N ~ \ d~ h; V:; 
(2.4) 

2 (n ~< N) t n = ~ -  ~ tmqm 

N n 
2 V--[--t 

tn = ~ -  l tmqm -~ M 

trnqm+N (n > N) 

The  m e a n  l i n e f c ( x )  i s  d e t e r m i n e d  f r o m  the f i r s t  of Eqs .  (2.1). 

The  c a l c u l a t i o n s  fo r  N = 8 and M = 16, and  v a r i o u s  l eng ths  of c a v e r n  and v a r i o u s  h w e r e  c a r r i e d  out  
on a BI~SM-2M c o m p u t e r .  The  r e s u l t s  of  c a l c u l a t i o n s  of  z ,  7, and Cy a r e  shown in F i g s .  1-3 .  In F ig .  4 i s  
shown a c o m p a r i s o n  of  the  r e s u l t s  ob t a ined  by the  d e s c r i b e d  l i n e a r i z e d  t heo ry  ( s o l i d  l ines )  and  t h o s e  of  the  
e x a c t  so lu t i on  (da shed  l ines)  d e r i v e d  by the  n o n l i n e a r  t h e o r y  [8]. T h i s  shows t ha t  for  a p l a t e  fu l ly  c a v i t a t i n g  
under  a f r e e  s u r f a c e  the  l i n e a r  t h e o r y  y i e l d s  h i g h e r  v a l u e s  of  l i f t .  

F o r  h --* ~o the  c o r r e l a t i o n  be tween  the  c a l c u l a t e d  r e s u l t s  and  t h o s e  of the  e x a c t  so lu t i on  p r e s e n t e d  by 
G u e r s t  [7] (dashed  l i n e s  in F i g s .  1 and 3) i s  good.  The  e r r o r  of d e t e r m i n a t i o n  of  the  o v e r - a l l  c h a r a c t e r -  
i s t i c s  does  not e x c e e d  4%, and d e c r e a s e s  wi th  i n c r e a s e d  c a v i t y  length .  

E x a m p l e  2. P r e s s u r e  d i s t r i b u t i o n  is  s p e c i f i e d  by a r e c t a n g u l a r  law,  i . e . ,  T(x) = A = cons t .  

The  unknown q(x) and ~ a r e  d e t e r m i n e d  f r o m  the l a s t  two equa t ions  of s y s t e m  (1.9), whi le  i t s  f i r s t  

equa t ion  i s  u sed  fo r  d e t e r m i n i n g  the  m e a n  l ine  fc(X).  

Us ing  the  m e t h o d  of d i s c r e t e  p e r t u r b a t i o n s ,  we ob ta in  for  qj and n the  s y s t e m  of  l i n e a r  a l g e b r a i c  

equa t ions  

N 2[ : .-.,4>-.-.,4> I, 
2 qJ [(i - -  ~/4) - -  ( / - -  114) ] '+  4h~N] "y"- = ( i__  314)__ (/" 1/4) -~-'V 

M 
2 ( l - - i )  ~ , q  r MN 

M N+J[(i--3/4)M--[i-~--l/4)(l--i)N] J=l 

(i--3/4) M - - [ l  @(/--1/~)( l-- l )N] ]--2~• 
-t-v ((i -- ~h) M -- [t + ( / - -  4/4)(l --  t) NI} ~ -t- 4h~MN 

= A [arc tg ( i ~ - -  3/4) _ arc tg" (i. - -~3 /4  ) - -  N -- ~] (r = 1 ..... N) 

N 

2_~N ~qi "t +(i__3/4)(l__t)N__(/__l/4)M 

t + (i - -  3/4) ( l  - -  t )  N - -  ( / - -  1/4) M 
-[- v [1 -{- (i  - -  a/4) (1 - -  t )  N -- ( / --  1/4) M] ~ @ 4 h ' i N  

M 
2 ( l - - i )  [ M i @ ( i - - 3 / . ) ( l - - i ) - - [ l  @(]-- l /4)( l-- l )]  ] 

-{ M ~ qN§ "t ~_(i_~/4)(l__1)__[1~_(]__114)(l__t)] -~-V ([l_t_(i__8/4)(l__i)]__[i_t_(1. x/a)(l__t)]}~_]_4h~M 
j = l  

V " l@(i--3/4)(l--i) (i--3/4)(l--i) 
- -  2~• = A Larc ~g ~ - arc tg 

N M 

N y '  ~ + l ~__~_~ E ~+J  = o 
j=l ~=1 

( i =  1, 2, . . . ,  M) 

(2.5) 

The  r e s u l t s  of  c a l c u l a t i o n s  a r e  p r e s e n t e d  in F ig .  5. 

T h e  d e s c r i b e d  n u m e r i c a l  m e t h o d  can  a l so  be u sed  for  c a l c u l a t i n g  f lows p a s t  c a v i t a t i n g  g r i d s  and for  
d e t e r m i n i n g  the  wa l l  e f fec t  in h y d r o d y n a m i c  t ubes .  I t  can  a l so  be e x t e n d e d  to the  c a l c u l a t i o n  of  s l e n d e r  
s u p e r c a v i t a t i n g  l o a d - c a r r y i n g  s u r f a c e s ~  
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